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change of A(p,) with pz is in turn a manifestation of the Fflat
‘regions of the Fermi surface normal to the c-axis. Ve may say
gqualitatively, therefore, that the rapid decrease and hump are
reflections of the flatness of the Fermi surface in the c-
direction.

Flgure 17 shows the experimental angular correlation
curve for a b-axis (10I0) crystal of yttrium compared to the
c-2xis (OOOl) results.

For comparison the two curves are normalized so that
their areas are the same. This assumes that an equal aumber
of electrons are annihilated in any direction for the same
momentun region, O to 9 mrad;, waich is probably a good
approximation. The b-axis angular correlation curve follows

the free parabola curve for low momentum and exhibits no humo.

e}

‘rorn Pigure 16 it can be seen that this is because there are
no repid cheages in the number of electron states in slices
through the Brillouin zone normal to the b-axis.

The experimental curve for the b-zxis crystal, quite
differeat from that for the c-axis crystal in the region O
mrad. to 3.5 mrad., manifests the highly anisotropic nature
of the Permi surface of ytitrium. -

The quelitative agreement between the experimental re-
sults and the theoretioai results shows that the independent
electron model is not a bad first order approximation.

Further, the Coulomb correlation does not, as it might first
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Figure 17. The experimeptal angular correlation curves of
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be supposed, completely eliminate the hump; althougn it
-apparently suvpovresses some of the details of the curve.
Tinally, The qualitative agreement indicates that the theo-
retical band structure for this metal is at least qualita-

tively correct.

Magnetic ZEffects

The electronic configuration of the rare earth metals,
which were studied in this experiment, consists of three elec-
trons with s-d character occupying the conduction band and a
partially filled 4f shell. There are seven electrons in the
4Lf shell of gadolinium and for each unit increase in atonmic
aumber through ytterbium the number increases by one. These
4f electrons, describable by localized atomic-like Wannier
functions, occupy bound states and have negligibie direct
interactions with the 4f electrons on neighboring sites.
Because of this localization +the 4f electrons contribute
little to the angular correlation curves at room temperature,
eand, as might be expected, the s-d electrouns give the major
contributions to the annihilation process. However, when the
47 megnetic moments are ordered, as in the case of holmium at
low temperatures, they can affect the angular correlation
curves indirectly by modifying the conduction electron dis-
tribution.

The observed magnetic structure of holmium in zero mag-

netic field is shown in Pigure 18. This element changes
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progressively from a paramagnetic structure at room tempera-
ture, to a helical, antiferromagnetic structure at 132°K, to
a conical ferrqmagnetic structure at 19°K. In the helical
structure the moments are verpendicular to the c-axis and are
aligned ferromagnetically, but the direction of the moments
turns through an angle from layer to layer. This ordering
‘gives a spirél structure about the q-axis direction. The
important feature of this splral magnetlic structure is that it
repeats itself with a period which is generzlly incommensur-
able with that of the lattice. This magnetic super-lattice
gives rise, ih turn, to a megnetic Brillouvin zone structure,
and introduces extra planes of energy discontinulity in recip-
rocal space.

An exemple of an electron interacting with & periodic
structure is provided bj the energy gaps introduced at the
Briliouin zone in the one édimensional nearly free electron
model (41). As can be seen in Figure 19, there are ehergy
gaps at the Brillouin zone given by 2|Vgl, where Vg is the
Fourlier comvonent of the potentialvfor the recivprocal lattice
vector g. The dashed line represents the parabolic band that
the electron would occupy in the absence of a potentiel, In
three dimensions the energy gaps occur on planes in k space,
and generally have the effect of modifying the electronic ‘
structure and distorting the Fermi surface (36,42),

In the magnetic case, the mechanism primarily responsible'
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Figure 19. The energy of free and nearly free electrons in
2 one dimensional reciprocal lattice (41)
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for the magnetic ordering is the indirect exchenge interac-
tion between the 4F electrons and the s~d conduction elec-
trons (43). The exchange, in a particular approximstion, is
given for s-like electrons by

E = -2I(k,x")(g-1)s-J
where I 1s an effective exchange integral, g the Lendé fzctor
for ionic moment J, and s the conduction electron spin (44).
In addéition there are anisotrcoy fields which orient the
roments relative to the crystal axis and in the particuiar
cese of holmium, this anisotropy energy tends to keep the
momenrts in the basal plane. The exchange energy acts to cause
the moments along the c-direction to spilral about the basal

plane., Thus, in the c-directlion the magnetlc periodicity

gives rise to energy gaps which cause a distortion of the

The theoretical holmium Permi surface is qulite similar to
that of yitrium end shows large, approximately flat electron
and hole reglons normal to the c-axis.. These surfaces run
parallel to each other over a large reglon when spin-orbit
coupling is taken into account in a relativistic APW czlcula-
tion. It has been receantly vroposed that their separation
primerily determines the Q vector of the pericdic magneticeally
ordered stetes, and that large parts of the surfaces are elim=-

inated in magnetic ordering (45). As has been pointed out,
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the electronic configurations of the two metals are qulite simi-
lar with the exception that holmium has localized 4f electron
which give rise to its interesting magnetic proverties, How-
ever, the two experimental angular correlation curves, shown
in Pigure 20 are very similar and this verifies, at least
qualitativeiy, the similarity between the two Perail surfaces.
As a2 consequence of the flat electron and hole'regions, the
holmium curve shows the same hump as yttrium. The b-axis
results are shown in Figure 21 and Figure 22 where they are
comvared to the yttrium b-axis results and the holmium c-2xis
results respectively. The fact that the c-axis curves and the
b=-axis curves of yttrium aznd holmium appear the same shows
that the contribution of the 4f electrons to the angular cor-
relation curve of holaium must be small and that most of the
ennihilations are, therefore, with the s and 4 electroas. The
fact that the c-axis durve of holmium differs so radically
from its b-axis curve and tae free-electron parabola is a
clear manifestation of the anisotropic nature of the holmium
Fermi surface.

Pigure 23 shows the angular correlation curve for the
holmium c-axis crystal at 60°K compared to the angular corre-
lation curve for the same crystal at room temperature. The
angular correlation curves of the holmium in the spiral phase
differs from its angular correlation curve in the paramagnetic

phase in that the hump has disappeared. This is because the
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Figure 22, The experimental angular correlation curves of a
b-axis (1010) and a c-axis (0001l) holmium crystal
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Pilgure 23. The experimental angular correlation curves of 2
- c-2xis (0001) holmium crystal at 300°K and 60°K



ordering has introduced a magnetic super-lattice which has
destroyed vortions of the Fermi surface. In particulzr, the
ordering has apparently destroyed that part of the surface
which causes the hump; that ié to say, the flat electron and
hole vortions of the Fermi surface.

The terbium resulis and the gadolinium results are showa
in Pigures 24 and 25. The hump is very smell in botﬁ curves.,
These same twWo curves are compared‘to +he 60°K nolmium re-»
sults in Figure 26. The three curves are almost identical
and indicate that those flat portions of the Ferml surface,
which are destroyed in holmium when it is magnetically ordered,
are not so pronounced in terbium and gadolinium. Since gado=-
linium does not order antiferromagnetically and terbium does
so only over a small temperature range, this indicates clearly
that there is a correlation between the occurrence of flat
electron and hole regions of Ferml surfaces normal to the c~-
2xis in the metal, and its ability to.form a periodic magnetic
structure., The gadolinium, terblum, and erbium Fermi surfaces
~are provably quite similar to the holmium Ferml surface eiéept
for modification of the flat portions. There 1s apparently a
tendency for this region to become flatter, and hence increases
the tendency towards antiferromagnetic ordering, as one moves
across the periodic table from gadolinium to holmium. Indeed,
the theoretlical band calculations of Loucks and Keeton on

dysprosium and holmium (45,46) indicate that these reglons do
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Figure 24. The experimental angular correlation curves of a
c-2xis (0001) terbium crystal and z c~-axis holmium
erystal.
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Pigure 25. The experimen‘cal aagular correlatlon curves of
c-axis (000L) gadolinium crystal and a c-axis
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have a tendency to become flatter. Various experiments also
show that gadolinium has no antiferromagnetic structure, that
terbium is antiferrdmégnetic:only over 2z small temperature
reglon, and that the region of antiferromagnetism'increééeé as
one continues across the periodic table to dysprosium and
nolmium (43,47,48). Since erbium and dysprosium 2l1so nave
'large regions of antiferromagnetism, comparable to that of
holmium, and indicative of large flat reglons of their Fermi
surfaece, one might expect 2 hump in the angular correlation
curves., In fact, the erbium and dysprosium curves, shown in
Figures 27 and 28 respectively, are almost identical to the

holmium curve, as expected.

The Alloy

An interesting experiment orn binary 2lloys has been
carried out by Thoburn givg;. (49). These authors have shown
that gadolinium-yttrium alloys exhibit antiferromagnetic
ordering for alloys having more than 40% yttrium conceatra-
tion. This observation lends support both to the notion of 2
Fermi surface in concentrated alloys and to the above argu-
ments on the relation of the flat regions of the Fermil surface
to a preferred Q vector. Gadolinium has neither antiferro-
megnetic ordering or flat portioms of the Fermi surface, but
it does have the prereguisite 4f electrons needed for anti-
ferromegnetic behavior. Coanversely, the yttrium does have the

flzt portions of the Permi surface, but has no 4f electrons.
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Tigure 27. The experimental angular correlation curves of a
c-zxis (0001) erbium crystal and a c~-axis holmium

crystal . -
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However, since an alloy of the two of these metals exhidbits
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antiferromegnetic ordering, it indica
have a Ferml surface with large, approximetely flat hole arnd

electron reglions running varallel to one anciher normal to

What is of equal interest is that it tzkes only 2 31%
concentration of scandium, whose conduction electrorn config-
uration is similar to the electronic configuration of yitirium
end gabolinium, as compared to a 40% concentratiocn of ytirium
in gadeliniurm to czuse the resulting alloy to form & spiral
structure (5C). This seems %o indicate that scandium, like
yttriun, alsoc might have flat regions of Ferml surface. This
in turn suggests that, perhans, the angular correlation curve
for c-axis scandium crystals should have & hump similar %o
that ocecurring in yttrium. If 1t is possible to grow c-axis
criented single crystals of scandium=-gzdciinium znd yttrium- ’
gafclinium alloys then these crystals should show & develop-
nert of 2 hump in thelr sngular correlation curves with
increesing scandium or ytirium councentrations. TUnfortunately,
tre band structure calculations for scendium, which are needed
tc check this hypothesis, are at present unavailable.

Prom experimental reéults, like those of Nigh et al. (50)

———as—

nd Thoburn et al., (49), it seems reascnable to think of a

o

Fermi surface for concentrazteéd rare earth zlloys having simi-

lar electronic configuration. ¥With thils assumption in mind,
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en angular correlation curve for z holmium-50%-erbium c-zxis
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ingle crystal was exverimentally oTtained ané the results

re shown in Tigure 29. 7Thils figure compsres the holmiuvm=~

m

R0%~-erbium results with the holmium c-axis resulis and shows
that the two curves are almost identical, Since erbium aif-

fers from holmium only by one addéditional 4f electron, vhich

£

is extremely localized at & lattice site and does not overlap

2 o,

on neighboring lattice sites, and since both metals have the

o

~same number of electrons and comparable lattice vparameters,
it seems reasonable to assume that thelr binary siloy would
obey the rigid band model., The experimental resulis of
Pigure 29 coanfirms this expectation. The good correspondénce
between the alloy's correlation curve and the correlation

t the
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curves ¢f either of the constituent netals indi

Terni surfzces of sll three are guite similer snd, conse=-

uently, the density of states nmust also ve similzr. In

Q
particular, the alloy has flat portions of Ferml suriace and

snould exhibit'antiferromagﬂetic ordering. This ordering is
exvperimentally verified by neutron diffraction experiments

(51).
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Figure 29. The experimental angular correlatlon curves of a
. ' c-2xis (0001) holmium-50%~erbium crystal and a
c-axis holmium crystal
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CONCLUSION

In conclusion it has been experlmentally demonstrated
that the rare earth metals yttrium, gadolinium, terbium,
dysprosium, holmium and erbilum have highly anisotropic Fermi
surfaces, ’ |

The experimental angular correlatlon curve of yttrium
has been found to be in qualitative agreement with the theo~
retical calculatlions and this supports both the valldity of
the calculated band structure for yttrium and, as a good first
order approximation, the independent particle theory of posi-
tron annihilation. |

It has been suggested that the hump, which appears in the
angular correlation curves of c-axis oriented single crystals
of holmium, dysprosium, yttrium and erbium, is due to flat
electron and hole regions of the Fermi sufface, which run nor-
mal to the c~axis and that the comparative lagk of such a hump,
as in the angular correlation curves of terbium and gadolinium,
suggests a modification of this paiticular feature., The dis-
appearance of this hump in the holmium curve, when the holmium
is antiferromagneticallj ordered, indicates that the flat por-
tions of the Ferml surface are,destroyed on magnetic orderiag.

We have ‘observed that several metals which do have flat
portions of Fermi surface and, in addition, 4f electronms,
exhibit'antiferromagnetic ordering and this suggests that

such flat regions may be a rather general requirement for the
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occurrence}bf incommensurable,.antiferromagnetié structures
in metals.

Because of the observed agreement between the yttrium
results and thé results of the heavy rare earth metals, it
is believed that the 4f electrons contribute little to the
annihilation précess. |

Pinally, the close similarity between the experimental
curves for a holmium=-50%-erbium and the experimental curve
of holmium and erbium indicates that the Fermi surface is
a valid concept for concentrated, binary rare earth alloys
and that the rigid'band model may apply as a first approxi-
mation t0 holmium-erbium alloys.

Purther experimental work could be directed towards
determining the angular correlatlion curves of single crys-
tals of scandium, and, if it 1s possible to grow such
crystals, single crystals of scandium-gadolinium, lanthanum-
gadolinium, and yttrium-gadoli%ium alloys. As it has al-
ready been suggested, humps should develop in these zalloys

as the concentration of solute in gadolinium is increased.
Neutron diffraction and magnetorésistance experiments

should be carried out on these same alloys and, in addition,

on the binary alloys of the rare earth metals, gadolinlum,

holmium, erbium, terbium, dysprosium, and lutetium in order

to determine their magnetic structures. The rare earth alloy
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of lutetium=~gadolinium should be of particular interest.
Neither gadolinium nor lutetium, having a half filled 47
shell and a filled 4f shell respectively, exhibit antiferro-
magnetism, but their alloy does (52).

Since gadolinium has no antiferromagnetic structure, it
would be interesting to see whether the c-zxis gadolinium
curve at low temperature is substantially different from that
at room temperature. The lack of any large changes would
furnish additional proof that it is antiferromagnetic order-
ing that causes the éhange in the holmium c-axis curves.

There is a clear need for more band structure calcula=-
tions on the heavy rare eartﬂ metals before the influence of
the Permi surface on antiferromagnetism can be understood in

detail. v
At the present only one theoretical calculation of the

angular correlation curve of a rare earth metal 1s available.
More calculations should be made to further verify that the
independent particle model is applicable.

Another series of interesting experiments might be to
see what effect changing the»s and 4 electronic structure of
hexagonal close packed metals will have dn the angular corre-
lation curves. It would be of interest to study, for
instance, ruthenium, hafnium and rhenium, which can be
obtained in the form of single crystals.

If the formidable mathematical difficulties of the many-~
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body problem could be overcome, then the effects of electron-
positron correlation could be included in the theoretical
angular correlation curves. On the experlmental slide, higher
resolution and highgr counting rates are necessary before the
full potentialitiesiof vositron annihilation as a technique

for studying the electronic structure of metal can be fully

realized,
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Table 1. Procedures for the

growth of rare earth

single crystals

Metal Atmosphere Sample position Annesling
Temperature Time
(°c) (hrs)
Holmiunm Argon Constant temo. 1300 18
Erbium Argon " " 1400 18
Yttrium Vacuum " " 1100 8
" " 1150 8
i . 1200 8
'.’ l.l 12 50 8
|‘| |.| 1300 8
I‘I l‘l 13 50 8
Gadolinium Vacuum Gradient 1050 12
" 1100 12
" 1150 12
! 1200 12
Constant temp. 1225 12
Terbium Vacuum " " 1250 12
Holmium=-50%- Argon " " 1350 24

"Erbiunm

Gl
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Table 2. Experlmental data for the angular correlation curves
of the holmium c-axis (00C01l) crystal

Holmium 300°K Holmium 60°K
& (mrad) Number of ® (mrad) Number of
coincidences . coincidences
0 102664 -0 94162
0.25 102377 0.25 93205
0.50 101462 , 0.50 92148
0.75 97797 0.75 89265
1,00 93635 1.00 85540
1.25 88197 1.25 82212
1.50 82375 1.50 78219
1.75 77157 1.75 73770
2.00 72064 - 2.00 70248
2.25 - 67696 2.25 66535
2,50 64735 2,50 3670
2.75 62940 2.75 61151
3,00 61546 3,00 58500
3,25 60111 3.25 56439
3.50 57469 5.50 . 54267
3.75 53940 , 3.75 51501
4,00 50860 4,00 47910
4,25 L6428 : 4,25 45030
4,50 42198 4,50 41097
4,75 38991 4,75 : 38290
5.00 35618 5.00 34604
. 5.25 32554 5.25 31584
5.50 28873 5.50 28756
5.75 25694 5.75 25938
6.00 22353 6.00 22963
6.25 ‘ 19279 6.25 20895
6.50 17343 6.50 18445
6.75 15770 : 6.75 16568
7.00 14623 7.00 15291
Te.25 13322 7.25 13774
7.50 12346 7.50 . 12601
T.75 11080 T.T75 11398

8,00 10065 8.00 10029
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Table 3. Exverimental data for the_angular correlation curves
of the holmium b-axis (1010) and the yttrium b~axis

crystals
Holmium 300°K Yttrium 300°K
8 (mragd) Number of 8 (mrad) Kumber of
' colncidences : coincidences

0 61199 -0 63655
0.25 61046 0.25 - 63121
0.50 60330 0.50 62530
0.75 59102 0.75 62069
1,00 58138 1.00 60899
1.25 56451 1.25 58953
1.50 54365 1.50 58307
1.75 53141 1.75 56459
2.00 51263 2,00 . 54468
2.25 49675 2.25 52319
2.50 46660 2.50 49644
2.75 45006 2.75 46696
3.00 41992 35.00. Liig7
3.25 40025 3.25 431810
3.50 37768 3.50 38890
3.75 35359 , 3.75 36216
4,00 32499 4,00 33229
4,25 29867 4,25 30065
4,50 27205 4,50 26813
4,75 24372 4,75 23459
5.00 22044 5.00 20873
5.25 20325 5.25 18572
5.50 - 18206 5.50 16964
5.75 16968 | 5.75 15464
6.00 15398 6.00 14338
6.25 13935 6.25 13249
6.50 12644 6.50 12276
6.75 11693 ' 6.75 11139
7.00 10383 7.00 10529
7.25 9371 7.25 9314
7.50 8175 7.50 8400
7.75 7523 TeT75 7748
8.00 . 6635 . 8.00 7038
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Table 4. ©Experimental cdata for the angular correlation
curves of the terbium c-axis (00Cl) and the gado-
linium c-axis crystals

Terbium Gadolinium
8 (mrad) Number of 8 (mrad) Number of
coincidences coincidences
0 50,824 0 26,777
0.25 50,490 , 0.25 26,727
0.50 49,752 0.50 26,075
0.75 48,676 0.75 25,920
1.00 45,927 1.00 24,938
1.258 45,056 1.25 24,112
1.50 42,919 1.50 22,978
1.75 40,032 1.75 21,693
2.00 38,539 2,00 20,487
2.25 36,743 2.25 19,341
2.50 35,206 2.50 18,581
2.75 33,265 2.75 17,760
3.00 31,989 - 3,00 16,953
3.25 30,488 3.25 16,124
3,50 24,036 5.50 15,550
3.75 27,127 3.75 14,437
4,00 25,433 4,00 13,358
4,258 235,762 4,25 12,455
4,50 22,144 4,50 11,581
L,75 20,573 L.75 10,899
5.00 18,819 5.00 ©10,012
5.25 17,500 5.25 9,055
5.50 16,094 5.50 8,619
5.75 14,846 5.75 7,600
6.00 13,370 6.00 6,811
6.25 12,198 6.75 6,237
6.50 10,840 7.00 5,639
6.75 9,563 7.25 5,087
7.00 8,851 7.50 4,616
7.25 7,950 7.75 4,154
7.50 7,221 8.00 3,881
7.75 6,651
8.00 6,056
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Table 5. Experimental data for the angular correlation curves
of the erbium c-axis (0001} and the yttrium c-axis

crystals .
Erbium 300°X Yttrium 300°%
® (mrad) Number of © (mrad) Number of
coincidences coincidences
0 127,759 0 83,093
0.25 126,860 0.25 82,833
0.50 124,629 0.50 81,403
0.75 119,888 0.75 78,674
1.00 114,527 1.00 76,833
1.25 106,934 1.25 72,404
1.50 98, 256 . 1.50 67,999
1.75 89,386 1.75 €3,010
2.00 82,767 2.00 . 58,677
2.25 78,415 2.25 54,729
2.50 76,966 2.50 52,037
2.75 75,908 2.75 50,283
3,00 74,030 3.00 48,819
3,25 71,619 . 3,25 47,743
3.50 67,875 3.50 45,903
3,75 63,695 2.75 43,615
4,00 57,954 4,00 40,479
4,25 52,734 4,25 37,524
4,50 47,184 4,50 34,031
4,75 42,961 4,75 31,206
5.00 37,830 5.00 28,078
5.25 32,501 5.25 25,464
5.50 27,868 5.50 22,443
5.75 23,349 5.75 19,796
.00 19,632 6.00 17,084
6.25 17,574 6.25 14,691
6.50 15,768 6.50 13,112
6.75 14,595 6.75 12,049
7.00 13,639 7.00 10,884
7.25 12,659 T.25 9,995
7.50 11,659 7.50 - 9,206
7.75 10,500 T.75 8,350
8.00 9,596 8.00 7,407
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Table 6. Experimental data for the angular correlation curve
of the erbium-50%-holmium c~axis (0001) crystal

& (mrad) Number of
: coincidences

0 48458
0.25 47870
0.50 L7037
0.75 44955
1.00 42917
1.25 . 40744
1.50 37288
1.75 34686
2.00 22373
. 2.25 30758
2.50 29939
2.75 20448
3.00 - 28794
3.25 28044
3.50 27267
3.75 26272
4,00 24105
4,25 22525
4,50 21568
4,75 19500
5.00 1828¢C
5.25 16869
5.50 15698
5.75 14459
6.00 12996

6.25 11633 -
6,50 9993
6.75 8791
7.00 8138
T.25 7478
7.50 7490
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Table 7. Theoretical data for the angular correlation curve
of the yttrium c-axis (0001)

6 (mrad) Number of
‘ colncidences
0.108 1.0C0
0.324 0.993
0.540 0.988
0.756 0.960
0.972 0.930
1,188 . 0.900
1.404 .0.818
1.620 0.677
1.83%% 0.638
2.052 0.571
2,269 0.562
2.485 0.609
2.701 0.597
2.917 0.550
%6133 0.532
34349 0.481
3.565 0.460

3.782 0.440
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Table 8. Experimental data for the angular correlation curve
’ of the dysprosium c-axis (0001l) crystal

et

8 (mrad) Number of
: ccincidences
0 17333
0.25 17172
0.50 17020
0.75 16654
1.00 16563
1.25 15236
1.50 14614
1.7% 13838
2.00 12669
2.25 11820
2.50 11117
2.75 10670
3.00 10805
325 10235
3.50 10005
3475 9412
4,00 9242
4,25 8325
4.50 7611
4,75 7109
5.00 6629
e 25 6047
550 5525
5.75 , 5057
6.00 4855
6.25 3828
6.50 3448
6.75 3152
7.00 2794
7.25 2595
7.50 2423
775 2225

8.00 2008




